We obtain an upper bound on the convective heat transport in a heated from 
quantities in different cases of flows and thermal convection [5] [6] [7] . In 1992 Doering and Constantin [8] have proposed another method for deriving bounds on turbulent quantities. This method is based on the background flow idea. Its strong side is that if the background field satisfies certain spectral constraint one obtains immediately an upper bound on the investigated turbulent quantity [9] [10] [11] . Up to now the results obtained by the Howard-Busse method persist the attempts for further improvement. There exist indications that the variational problems of Howard-Busse and Doering-Constantin may be equivalent. Progress in this area of investigation for the case of shear flow has been made recently by Kerswell [12] .
In this paper we apply the Howard-Busse method in order to obtain an upper bound on the heat transport in a horizontally infinite layer of fluid with rigid lower boundary and stress-free upper boundary. The cases of a fluid layer with two rigid boundaries and of fluid layer with two stress-free boundaries are discussed in [13] and [14] . For these cases the optimum fields are symmetric with respect to the midplane of the fluid layer. For the case, discussed below, the boundary conditions are asymmetric. This leads to asymmetric layer structure of the optimum fields as well as to different values for the upper bound on the convective heat transport, wave number, and the thicknesses of the boundary layers of the optimum fields.
Consider a horizontally infinite fluid layer heated from below of thickness d with fixed temperatures T 1 and T 2 at the upper and lower boundaries. Let us denote the coefficient of thermal expansion by γ, the kinematic viscosity by ν and the acceleration of gravity by g.
Denoting the thermal diffusivity of the fluid as κ and using d as length scale, d
2 /κ as time scale and (T 2 − T 1 )/R as temperature scale we can write the Navier-Stokes equations for the velocity vector u and the heat equation for the deviation Θ from the static temperature distribution in dimensionless form,
where we have introduced a Cartesian system of coordinates with z−axis in the vertical We introduce the averages of a quality q over the the planes z = const (denoted as q) and over the fluid layer (denoted as q ) (for definitions see [3] ). The temperature field is separated into two parts Θ = Θ + T such that T = 0 holds. A subtraction of the horizontal average of (3) from (3) leads us to the result
Multiplying (1) by u and (4) by T and averaging the result over the fluid layer we obtain the relationships
We are interested in turbulent convection long after any external parameter has been changed. We define this situation by the condition that all horizontally averaged quantities are time independent. In this case we obtain from the first integral of the horizontal averaged (3): dΘ/dz = wT − wT . Using this we obtain the final form of the relationships (5),(6) (known also as power integrals) (7), (8) hold for all Prandtl numbers P . The imposition of the infinite Prandtl number condition allows a further restriction of the fields that satisfy the power integrals. (1) becomes linear in the limit P → ∞ and we shall incorporate it as an additional constraint into the variational problem. The pressure is eliminated by taking the z−component of the double curl of (1). Thus we obtain:
We take also the equation of continuity as a constraint into the variational problem by means of the general representation of a solenoidal vector field u in terms of a poloidal and a toroidal component u = ∇ × (∇ × kφ) + ∇ × kψ where the condition φ = ψ = 0 can be imposed without changing u. Taking the curl of (1) we see that ψ must vanish in the limit of infinite Prandtl number. The interesting for us z−component of u is given by the poloidal field φ, w = −∇ 2 1 φ where
We write a functional for the convective heat transport Nu−1 = wT /R where Nu is the Nusselt number. Using the power integrals (7) and (8) and imposing the normalisation condition wθ = 1 we obtain the variational problem in the following form:
Given Rayleigh number R find the maximum F (R) of the variational functional
among all fields w and θ subject to the constraints wθ = 1 and ∇ 4 w + ∇ The Euler-Lagrange equations for the functional (9) are
where λ is
We assume that five sublayers of the fluid layer exist. At high Rayleigh numbers almost the whole layer volume is occupied by an internal layer in which the optimum fields w In the internal layer the assumption is wθ ≈ 1 and w 1 ≈ const, θ 1 ≈ const which lead to vanishing of the terms containing derivatives. Thus we obtain the solution w 1 = w 1 /α; θ 1 =θ 1 α;w 1 =θ 1 = 1.
For the intermediate layers we write w 1 and θ 1 as w 1 =w 1 (ξ u )/α; θ 1 = αθ 1 (ξ u );
we obtain the resulting Euler-Lagrange equations for the upper and lower intermediate layers
The solution of (13) is approximatelyw 1θ1 = 1. The approximate solutions of (14) when
When ξ u → 0 the correspondent solution iš
with c = 0.834210.
We shall match the obtained solutions (16) and (15) to the solutions for the boundary layers. For the upper and for the lower boundary layers we perform the scaling
Under the assumption that in the boundary layers the terms containing the higher derivatives are much larger than the other terms we obtain for the Euler-Lagrange equations in the boundary layers
The boundary conditions for the upper boundary layer arê
and the boundary conditions for the lower boundary layer arê 
where
An application of (23) to (24) leads us to the relationship
The solution for δ l is 
and
The result for α is
and the result for F is for the boundary layer thicknesses δ u , δ l .
The asymptotic theory of the 1 − α-solution of the variational problem is important because it outlines the routes which must be followed when a theory of the multi-α-solutions is developed. The boundary layers are important part of the theory of the multi-wavenumbers solution of the variational problem. The increasing of the number of the boundary layers which must be taken into account leads to complications in the multi-α-case. The equations we shall have to solve will be more complicated than these for the case of a fluid layer with two rigid boundaries [13] . The investigation reported here indicates that despite the complications because of the asymmetry of the optimum fields we could obtain asymptotic analytical upper bounds on the convective heat transport based on the multi-α solutions of the variational problem. This will be a subject of future research. 
